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Abstract
The three well-known spectra often associated to an ordered ring are: Brumfiel, Keimel, and the maximal spectrum. The
pointfree versions of these spectra have been studied for f -rings [B. Banaschewski, Pointfree topology and the spectra of
f -rings, in: Ordered Algebraic Structures (Curacoa, 1995), Kluwer Acad. Publ., Dordrecht, 1997, pp. 123–148], and the last
two spectra for Riesz spaces [M.M. Ebrahimi, A. Karimi, M. Mahmoudi, Pointfree spectra of Riesz space, Appl. Categ. Structures
12 (2004) 397–409]. In this paper we consider an f -module M on an ordered ring A and study the pointfree version of the last
two spectra together with the frame CL(M) of closed `-ideals. We show, among other things, that the pointfree maximal spectrum
SL(M) and the frame CL(M) are completly regular and that, under some conditions, these two spectra are naturally isomorphic,
and hence functorial.
c© 2005 Elsevier B.V. All rights reserved.
MSC: 06D22; 06F25; 46A40
1. Preliminaries
Here, we recall some definitions and results from the literature. For more details, see [5,8,9]. A frame is a complete
lattice L that satisfies the arbitrary distributive law x ∧∨ S = ∨{x ∧ s : s ∈ S} for all x ∈ L and arbitrary subsets
S ⊆ L . A frame map h : L → M is a lattice homomorphism preserving arbitrary joins, the unit (top element) e, and
the zero (bottom element) 0 of L . The resulting category is denoted by Frm. Let L be a frame. We say that a is rather
below b, and write a ≺ b, if there exists a separating element s of L with a ∧ s = 0 and s ∨ b = e. Notice that a ≺ b
if and only if a∗ ∨ b = e, where a∗ =∨{y : y ∧ a = 0} is the pseudocomplement of a. A frame L is called regular if
each of its elements is the join of elements rather below it. An element a of a frame L is said to be completely below
b, written as a ≺≺ b, if there exists an interpolating sequence (cnk), k = 0, 1, . . . , 2n and n = 0, 1, . . ., between a
and b, where c00 = a, c01 = b, cnk = cn+1,2k, cnk ≺ cn,k+1. A frame L is called completely regular if each a ∈ L is
the join of elements completely below it. An element a ∈ L is called compact if a =∨ S implies a =∨ T for some
finite T ⊆ S. A frame L is called compact whenever its unit e is compact; algebraic if every element of L is a join of
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compact elements; coherent if it is compact, algebraic, and for compact elements a and b, a ∧ b is compact. A frame
L is called normal if a ∨ b = e implies that there exist u and v in L such that a ∨ u = e = b ∨ v and u ∧ v = 0.
L is said to be coherently normal if it is coherent and, for each compact element c ∈ L , ↓ c is normal. A frame L is
called subfit if a < b implies a ∨ c < e = b∨ c for some c ∈ L . A frame map h : M → L is called dense if h(x) = 0
implies x = 0; codense if h(x) = e implies x = e; and a quotient map if it is onto. A nucleus is a map n : L → L on
a frame L satisfying: (N1) x ≤ n(x) for all x ∈ L; (N2) x ≤ y implies n(x) ≤ n(y); (N3) n2(x) = n(x) for all x ∈ L;
and (N4) n(x ∧ y) = n(x) ∧ n(y). For any nucleus n on a frame L , the closure system Fix(n) = {a ∈ L : n(a) = a}
is a frame, and the map n : L → Fix(n) is a quotient map.
Lemma 1.1. Suppose that n : L → L, k : M → M are nuclei, and f : L → M is a frame homomorphism such that
f n(x) ≤ k f (x) for all x ∈ L. Then there exists a frame homomorphism f˜ : n(L)→ k(M) such that f˜ ◦ n = k ◦ f .
For any compact frame L , one has the so called saturation nucleus s on L , which plays an important role in this paper
and is defined as follows. Recall that, for any x, a ∈ L , x is called a-small if x ∨ y = e implies a ∨ y = e, for all
y ∈ L . The saturation nucleus is defined by s(a) = ∨{x ∈ L|x is a-small}. Note that, if L is compact, then s(a) is
a-small and hence it is the largest a-small element of L .
Lemma 1.2 ([1]). (1) For any normal coherent frame L, the following are equivalent: (i) L = SL; (ii) L is
subfit; (iii) L is regular. (2) The saturation map s : L → SL = Fix(s) is the smallest codense quotient of L.
Furthermore, SL is subfit Regular and s : L → SL is also the unique codense subfit quotient of L and is also the
unique codense regular quotient of L [3,4]. Also, for any compact frame L, Max(L) = Max(SL) = ∑(SL), hence
SL is usually used to construct maximal spectra in pointfree topology (see [4]).
Now, we recall some preliminaries needed to introduce the notion of a lattice module. For details, see [5]. An abelian
group G with a partial order ≤ is called an abelian `-group if (G,≤) is a lattice, and a ≤ b implies a + c ≤ b+ c for
all a, b, c ∈ G. For an abelian `-group G and a, b ∈ G, defining a+ = a ∨ 0, a− = (−a) ∨ 0, |a| = a ∨ (−a), we
have a = a+ − a−, |a| = a+ + a−, a+ ∧ a− = 0, |a + b| ≤ |a| + |b|.
Lemma 1.3. Let G be an abelian `-group. If 0 ≤ x ≤ y1 + y2 + · · · + yn and yi ≥ 0 for 1 ≤ i ≤ n, then there exist
xi ∈ G such that 0 ≤ xi ≤ yi and x = x1 + · · · + xn . Also, we have x ∧ (a + b) ≤ x ∧ a + x ∧ b for all x, a, b ≥ 0.
A partially ordered ring (po-ring) is a ring A with a partial order ≤ such that a ≤ b and r ≥ 0 imply ra ≤ rb and
a + c ≤ b + c for all c ∈ A. A is called an `-ring if its order is a lattice order.
Definition 1.4. Let A be a commutative po-ring with identity 1. A partially ordered module M over A is an A-module
with an order ≤ such that, for every a, b, c ∈ M and r ∈ A, a ≤ b and r ≥ 0 imply a + c ≤ b+ c and ra ≤ rb. M is
called an `-module if it is also a lattice. In particular, if A = Q is the field of rational numbers with its natural order,
then every `-module over A is called a Riesz space. In the following, we cue some notions and notations for Riesz
spaces from [6]. Let E be a Riesz space. E is called Archimedean if nx ≤ a for all n ∈ N implies x ≤ 0. If (xn)∞1 is
a decreasing sequence in E and x = ∧{xn|n ∈ N}, then we write xn ↓ x . A sequence (xn)∞1 with xn ↓ 0 is called a
null sequence. A sequence (yn)∞1 is called ordered convergent to y as n →∞, written as y = o- limn→∞ yn , if there
exists a null sequence (xn)∞1 with |yn − y| ≤ xn for all n ∈ N. A subspace I of E is called an `-ideal if |x | ≤ |a|
where a ∈ I implies x ∈ I . E is called bounded if E = [u] for some u ∈ E+, where [u] is the `-ideal generated by
u. A bounded Riesz space E is called uniform if, for every null sequence (xn) in E and r ∈ Q+, there exists m ∈ N
such that 0 ≤ xm ≤ r . A subset X of E is called closed if it is closed under ordered limits of the sequences. The set
of all closed `-ideal of E , denoted by Cl(E), is a compact completely regular frame if E is a bounded Archimedean
uniform Riesz space.
2. Keimel spectrum of an `-module
Suppose that A is an ordered ring and M is an `-module over A. A submodule I of M is called an `-ideal if
|x | ≤ |a| and a ∈ I imply that x ∈ I . The set of all `-ideals of M is denoted by L(M). The spectrum∑L(M) of
L(M) is called the Keimel spectrum and is denoted by specK (M) (see [1,6,9]).
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Theorem 2.1. Let A be an ordered ring and M be an `-module over A. Then
(1) L(M) is a frame;
(2) J ∈ L(M) is a compact element if and only if there exists m ∈ M such that J = [m], where [m] is the l-ideal
generated by m.
Proof. (1) It is clear that L(M) is a complete lattice, since the intersection of `-ideals of M is an `-ideal of M .
Also, notice that the join of a family {Jγ |γ ∈ Γ } of `-ideals is given by ∨ Jγ = ∑ Jγ . This is because ∑ Jγ
is an `-ideal. To see this, let a ∈ M and |a| ≤ |a1 + · · · + an|, where ak ∈ Jγk for k = 1, . . . , n. Hence
|a| ≤ |a1| + · · · + |an| and, by Lemma 1.3, |a| = x1 + · · · + xn for some 0 ≤ xi ≤ |ai |, and hence |a| ∈ ∑ Jγ .
Similarly, a+ ∈ ∑ Jγ , and so a = 2a+ − |a| ∈ ∑ Jγ . To prove the distributivity of ∩ over arbitrary ∨, let
x ∈ J ∩ ∑ Jγ . Then x ∈ J and |x | = u1 + · · · + un , where uk ≥ 0, uk ∈ Jγk for k = 1, . . . , n. Now, by
Lemma 1.3, |x | = |x | ∧ (u1 + · · · + un) ≤ |x | ∧ u1 + · · · + |x | ∧ un , and so |x | ∈∑ J ∩ Jγ , that is, x ∈∑ J ∩ Jγ .
Therefore, L(M) is a frame. (2) Suppose that J is compact. So J = [a1] + [a2] + · · · + [an] for ai ∈ J . It is easy to
see that J = [a] for a = |a1| ∨ · · · ∨ |an|. Conversely, suppose that J = [a] and J =∨{Jγ |γ ∈ Γ } =∑γ∈Γ Jγ . We
can take each Jγ = [aγ ] for some aγ ∈ Jγ . Then, [a] = ∑[aγ ] and so |a| = u1 + · · · + uk , where 0 ≤ ut ∈ [ait ].
Obviously [a] ⊆ [u1] + · · · + [uk] ⊆ [ai1 ] + · · · + [aik ] ⊆ [a], and hence J = [ai1 ] + · · · + [aik ]. So J is
compact. 
Corollary 2.2. For every `-module M over an ordered ring A, the following are equivalent:
(1) M is bounded;
(2) there exists u ∈ M+ such that, for every m ∈ M, |m| ≤ au for some a ∈ A+;
(3) L(M) is compact.
Definition 2.3. An `-module M over an ordered ring A is called an f -module if, for every a ∈ A+ and m, n ∈ M+;
a(m ∧ n) = am ∧ an.
Lemma 2.4. Let M be an `-module over an ordered ring A. Then M is an f -module if and only if, for every
m, n ∈ M+, [m] ∩ [n] = [m ∧ n].
Proof. Suppose that the equality holds for all m, n ∈ M+. So m ∧ n = 0 implies am ∧ an = 0 for all a ∈ A+ and
m, n ∈ M+. Let a ∈ A+ and m, n ∈ M+. We have
(m − m ∧ n) ∧ (n − m ∧ n) = m ∧ n − m ∧ n = 0.
So
0 = a(m − m ∧ n) ∧ a(n − m ∧ n) = (am − a(m ∧ n)) ∧ (an − a(m ∧ n))
= am ∧ an − a(m ∧ n).
Hence a(m ∧ n) = am ∧ an. This means that M is an f -module. This is the nontrivial part of the lemma. 
Theorem 2.5. For every f -module over an ordered ring A, L(M) is coherently normal.
Proof. By Lemma 2.4, L(M) is coherent. Thus we just verify the normality condition. Let I + J = [a], where
I, J ∈ L(M) and a ∈ M+, which gives the compact element [a] in L(M). Then a = b+ c for some b ∈ I and c ∈ J .
Let u = |c| − |b| ∧ |c| and v = |b| − |b| ∧ |c|. We have u ∈ J and hence I + [u] ⊆ [a]. But
a = |a| ≤ |b| + |c| = (|b| + |b| ∧ |c|)+ u.
Thus a ∈ I + [u], and [a] = I + [u]. Similarly, [a] = J + [v]. 
Let A be an ordered ring and S be a multiplicative subset of A containing 1. Consider the ring S−1A of fractions. If
S ⊆ A+, we define an order on S−1A by a/s ≤ b/t if and only if there exists w ∈ S such that w(ta− sb) ≤ 0, which
makes S−1A an ordered ring. If A is an f -ring, then so is S−1A with a/s  b/t = (ta  sb)/st for each  ∈ {+,∧,∨}
and |a/s| = |a|/s. For S = {s ∈ A : s ≥ 1} we denote S−1A by A˜. Note that A˜ is a strong ordered ring, in the sense
that every x ≥ 1 is invertible. Moreover, correspondence A 7→ A˜ gives a coreflector from the category of f -rings to
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the category of strong f -rings [1]. Suppose that M is an f -module over the ordered ring A, and S is a multiplicative
subset of A with S ⊆ A+. Then S−1M can be ordered as above. It is proved that, if A is an ordered ring and M is
an f -module, then so is S−1M . Moreover, a/s  b/t = (ta  sb)/st for  ∈ {+,∧,∨} and also |a/s| = |a|/s. For
S = {s ∈ A : s ≥ 1}, denote S−1M by M˜ .
Theorem 2.6. For every f -module over an ordered ring A and a multiplicative subset S of A such that for every
s ∈ S, s ≥ 1, we have L(M) ∼= L(S−1M) as a frame. In particular L(M) ∼= L(M˜).
Proof. Consider the maps φ : L(M) → L(S−1M) given by φ(J ) = S−1 J = {a/s|a ∈ J, s ∈ S}, and
ψ : L(S−1M) → L(M) given by ψ(I ) = I ∩ M . First note that φ and ψ are both well defined, since S−1 J
and I ∩ M are `-ideals of S−1M and M , respectively. Also, φ and ψ preserve inclusion. So it is enough to show that
φ and ψ are the inverse of each other, that is S−1 J ∩ M = J, S−1(I ∩ M) = I . It is obvious that S−1(I ∩ M) ⊆ I
and J ⊆ S−1 J ∩ M . Conversely, let x ∈ S−1 J ∩ M . Hence there exist a ∈ J and s ∈ S such that a/s = x . Since
s ≥ 1, we have |a/s| = |a|/s ≤ |a|, and so a/s ∈ J , since J is an `-ideal. Thus x ∈ J . Hence S−1 J ∩ M = I . Now,
assume that a/s ∈ I , where s ∈ S and a ∈ M . So
a = sa/s ∈ I ⇒ a ∈ I ∩ M ⇒ a/s ∈ S−1(I ∩ M).
This yields S−1(I ∩ M) = I , and the proof is complete. 
We close this section with the following lemma about a property of some nuclei on L(M) which will be used in the
next section. For a bounded `-module M over an ordered ring A such that M = [u], we denote au by a, for a ∈ A. In
particular, if A is a strong ordered bounded ring then for every q ∈ Q, denote qu by q.
Lemma 2.7. Let M be a bounded f -module over a strong bounded ordered ring A. Suppose that κ : L(M)→ L(M)
is a nucleus such that, for each a ∈ M+, κ([a]) = κ(J ), where I = ⋃{[(a − p)+], 0 < p ≤ 1}. Then
κL(M) = Fix(κ) is a completely regular frame. In particular, if κ : L(M) → κL(M) is codense, then there is
a frame isomorphism h : SL(M)→ κL(M) such that κ = hsM .
Proof. We begin by showing [(a− p)+] ≺≺ [a] in L(M) for all a ∈ M and each rational number p with 0 < p ≤ 1.
We will show that [(a − p)+] ≺ [(a − q)+] for all 0 < q < p. We have
(a − q)+ + (a − p)− = (a − q) ∨ 0+ (p − a) ∨ 0
= (a ∨ q)− q + (p ∨ a)− a
= 0 ∨ (q − a)+ (p − q) ∨ (a − q)
≥ p − q > 0.
Thus [(a−q)+]+[(a− p)−] ⊇ [(a−q)++ (a− p)−] ⊇ [p−q] = M . On the other hand, (a− p)+∧ (a− p)− = 0.
Hence, by Lemma 2.4, [(a − p)+] ∩ [(a − p)−] = 0. Thus [(a − p)+] ≺ [(a − q)+]. Now we show the complete
regularity of κL(M). Since, for every J ∈ κL(M), J =⋃{[a]|a ∈ J+} (in L(M)), J = κ(J ) =∨{κ[a]|a ∈ J+} (in
κL(M)). So it is sufficient to show that, for each a ∈ M+, κ[a] is the join in κL(M) of the corresponding κ[(a− p)+],
0 < p ≤ 1 in Q; that is, to show that κ[a] = κ(I ) for the `-ideal I =⋃{[(a − p)+], 0 < p ≤ 1 in Q} which is given
by the hypothesis. The second part of the lemma follows from Lemma 1.2(2). 
3. Maximal spectrum and closed `-ideals
As f -rings [1–3] and Riesz spaces [6,7], we consider SL(A), the saturation of the frame L(M) of `-ideals of a
bounded f -module M over a bounded ordered ring A, to be the maximal spectrum. We introduce another spectrum
of closed `-ideals in this section which is denoted by CL(M). We show, among other things, that these two spectra
are completely regular and, under some mild conditions, naturally isomorphic, and hence functorial.
Lemma 3.1. If M is a bounded f -module over a strong bounded ordered ring A, then SL(M) is completely regular.
Proof. Using the previous lemma, it is sufficient to show that, for each a ∈ M+, s[a] = s(I ) for the `-ideal
I = ⋃{[(a − p)+], 0 < p ≤ 1 in Q}. The inclusion s(I ) ⊆ s[a] is trivial. So it is enough to show that [a] is
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I-small. Let [a] + J = M . Thus 1 ∈ [a] + J , and so we have 1 ≤ ra + b1 or some b1 ∈ J and r > 0. Since A is




≤ a + 1
n
b1 = a + b for b = 1n |b1|






⇒ 0 < p < q < a ∨ b for some p, q ∈ Q
⇒ q − p ≤ (a − p) ∨ (b − p) ≤ (a − p)+ ∨ b ∈ I + J
⇒ q − p ∈ I + J = M.
This completes the proof. 
Theorem 3.2. If M is a bounded f -module over a bounded ordered ring A, then SL(M) is completely regular.
Proof. By the previous lemma and Theorem 2.6, it is enough to show that A˜ and M˜ are bounded. Let a/s ∈ A˜, where
a ∈ A and s ≥ 1. There exists n ∈ N such that |a| ≤ n. So
|a/s| = |a|/s ≤ |a|/1 ≤ n/1 = n.
This proves the boundedness of A˜. Similarly, M˜ is bounded. 
Let A be a strong bounded `-ring. The neighbourhoods
Vn(a) = {x ∈ A : |x − a| < 1/n}
for each a ∈ A and n ∈ N determine a uniform topology on A with {Vn(a) : a ∈ A, n ∈ N} as its basis. Moreover,
A is a topological ring with this topology. In fact, the operations  : A2 → A are uniformly continuous where
 ∈ {+,∧,∨}, and the multiplication is continuous (see [1]). Similarly, for an `-module M over a strong ordered ring
A, the neighbourhoods
Vn(a) = {x ∈ M : |x − a| < 1/n}
for each a ∈ M and n ∈ N determine uniform topology on M with {Vn(a) : a ∈ A, n ∈ N} as its basis. Moreover,
we have:
Lemma 3.3. Suppose that M is an `-module over a strong ordered ring A. Then the operations  : M2 → M are
uniformly continuous, where  ∈ {+,∧,∨}. Furthermore, if A is a bounded `-ring, then the scalar multiplication
. : A × M → M is continuous.
Proof. Uniform continuity of  results from the following inequality:
|x  y − x ′  y′| ≤ |x − y| + |x ′ − y′|.
For the continuity of scalar multiplication, let a0 ∈ A and x0 ∈ M . We have
|ax − a0x0| = |(a − a0)(x − x0)+ a0(x − x0)+ (a − a0)x0|
≤ |(a − a0)(x − x0)| + |a0(x − x0)| + |(a − a0)x0|
≤ |a − a0||x − x0| + |a0||x − x0| + |a − a0||x0|.
Let k ∈ N. Take m, n ∈ N to be large enough such that 1/mn + |a0|/n + |x0|/m < 1/k. Now let |x − x0| < 1/n and
|a − a0| < 1/m. Hence
|ax − a0x0| ≤ |a − a0||x − x0| + |a0||x − x0| + |a − a0||x0|
< 1/mn + |a0|/n + |x0|/m
< 1/k.
This proves the continuity of . : A × M → M . 
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Let M be an `-module over a strong ordered ring A and X denote the closure of X ⊆ M with respect to the uniform
topology generated by neighbourhoods Vn(a), n ∈ N and a ∈ M . We define a map cM : L(M) → L(M) given by
cM (I ) = I .
Lemma 3.4. For any `-module M over a strong bounded `-ring A, cM is a nucleus.
Proof. First we show that I is an `-ideal. It is clear that I is a submodule of M . Assume that |x | ≤ |a| and a ∈ I . Let
n ∈ N. Take y ∈ I such that |y − a| < 1/n. Hence
|(|x | − |y|) ∧ |x || = |(|a| ∧ |x |)− (|y| ∧ |x |)| ≤ |(|a| − |y|)| ≤ ||a| − |y|| < 1/n.
Thus |x | ∈ I , since |y| ∧ |x | ∈ I . Similarly, x+ ∈ I , and so x = 2x+− |x | is in I . Hence I is an `-ideal. To prove that
cM is a nucleus, note that (N1) is trivial. For (N2), let a ∈ I and n ∈ N. Hence |a − x | < 1/2n and |x − y| < 1/2n,
for some x ∈ I and y ∈ I . Thus
|a − y| ≤ |a − x | + |x − y| ≤ 1/2n + 1/2n = 1/n
and so a ∈ I . Now let a ∈ I ∩ J and n ∈ N. We have |a − x | < 1/2n, |a − y| < 1/2n for some x ∈ I and y ∈ J . So
|(|a| − |x |) ∧ |y|| = |(|a| ∧ |a|)− (|x | ∧ |y|)| ≤ |(|a| − |x |)| + |(|a| + |y|)|
< 1/2n + 1/2n = 1/n.
But |x | ∧ |y| ∈ I ∩ J , so |a| ∈ I ∩ J . This proves (N3), and the proof is complete. 
Let CL(M) be the frame FixcM , consisting of all closed `-ideals of M .
Theorem 3.5. For any bounded `-module M over a strong bounded `-ring A, CL(M) is completely regular.
Proof. By Lemma 2.7, it is enough to show that, for every a ∈ M+, [a] = I , where I = ⋃{[(a − p)+]|0 < p ≤ 1}.
We have
|a − (a − 1/n)+| = |a − (a − 1/n) ∨ 0| ≤ 1/n ∧ a ≤ 1/n.
Thus a ∈ I and hence [a] ⊆ I , which is the nontrivial side of [a] = I , and the proof is complete. 
Theorem 3.6. Suppose that M is a bounded `-module over a strong bounded `-ring A. Then
(1) cM : L(M)→ CL(M) is a codense quotient;
(2) CL(M) is compact normal.
Moreover, if M is an f -module then
(3) CL(M) is coherent;
(4) cM : L(M)→ CL(M) is a subfit codense quotient;
(5) there is an isomorphism hM : CL(M)→ SL(M) such that hMcM = sM .
Proof. (1) Let I = M = [1], where I ∈ L(M). Hence 1 ∈ I , and there exists a ∈ I such that |1− a| < 1/2. So,
1− |a| ∧ 1 = |1− |a| ∧ 1| ≤ |1− a| < 1/2.
Thus 1 ≤ 2(|a| ∧ 1). Since |a| ∧ 1 ∈ I , we have 1 ∈ I and hence I = M . (2) follows from (1), Corollary 2.2, and
Theorem 2.5. For (3), first we show that I ∈ CL(M) is compact if and only if I = [a] for some a ∈ I . Assume that
I ∈ CL(M) is a compact element. Since I =∨a∈I+ [a], there exists n ∈ N such that
I = [a1] + · · · + [an] = [a1] + · · · + [an] = [a]
where a = a1∨· · ·∨an . Conversely, suppose that a ∈ M and [a] =∨ D, where D is an updirected subset of CL(M).
Hence [a] = ⋃ D, and so a ∈ I for some I ∈ D. Thus [a] = ⋃ D, and so a ∈ I for some I ∈ D. Thus [a] = I for
some I ∈ D. This proves that [a] is a compact element. Using
[a] ∩ [b] = [a] ∩ [b] = [|a| ∧ |b|]
we see that the meet of two compact elements of CL(M) is compact. This means that CL(M) is coherent, and this
proves (3). For (4), since CL(M) is normal coherent and regular by Theorem 3.5 then, by Lemma 1.2, CL(M) is
subfit. So cM : L(M)→ CL(M) is a subfit codense quotient. (5) follows from (4). 
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Suppose that A is an ordered ring. The homomorphism between `-modules that preserves ∧ and ∨ is called an
`-module homomorphism. The category of all bounded f -modules over A with `-module homomorphisms is denoted
by f BdMod(A). Also, the category of all compact completely regular frame with frame homomorphism is denoted
by KCRFrm.
Theorem 3.7. Suppose that A is a strong bounded `-ring. Then the correspondence M 7→ CL(M) is a functor from
f BdMod(A) to KCRFrm. Moreover, c = (cM )M is a natural transformation from L to CL.
Proof. Let f : M → N be an `-module homomorphism. Then f is continuous since, for every n ∈ N, we take m ∈ N
such that n0/m < 1/n, where 0 ≤ f (1) ≤ n0. If |x − y| < 1/m, then
| f (x)− f (y)| = f (|x − y|) ≤ f (1/n) = 1/n f (1) ≤ n0/m < 1/n.
So f is continuous. Hence, for every J ∈ L(M), f [J ] ⊆ f [J ]. Thus
L f ◦ cM (J ) ⊆ cN ◦ L f (J ).
By Lemma 1.1, there exists a frame map CL f : CL(M) → CL(N ) such that CL f ◦ cM = cN ◦ L f . This implies
that CL with this definition on maps is a functor. 
Remark 3.8. Obviously, the field of rational numbers is a bounded strong `-ring. Hence any result in this paper is
true for bounded Riesz spaces. Theorems 3.5 and 3.6 were proved in [6] for Cl(E) in the case of a bounded uniform
Archimedean Riesz space E . But here we have all these results for CL(E) just in the case of a bounded Riesz space E .
Also, in [6] the correspondence E 7→ Cl(E) defined a functor from BdUARsz to KCRFrm. But here, E 7→ CL(E)
defines a functor from the bigger category BdRsz to KCRFrm, by Theorem 3.7. But what is the relation between
these two spectra? In the case of bounded Archimedean uniform Riesz spaces, the two spectra are equal. In fact:
Theorem 3.9. Suppose that E is a bounded Archimedean uniform Riesz space and X is a subset of E. Then a ∈ X
with the uniform topology if and only if there exists a sequence (xn) in X such that o- lim xn = a. Furthermore,
CL(E) = Cl(E).
Proof. Assume that a ∈ X . Hence there is a sequence xn ∈ X such that |xn − a| < 1/n. But E is Archimedean,
1/n ↓ 0, so o-lim xn = a by definition of order convergent. Conversely, suppose that o-lim xn = a. Thus there is a null
sequence (εn) such that |xn − a| ≤ εn for all n ∈ N. Let k ∈ N. Since E is uniform, there exists an index n such that
εn < 1/k. This proves that a ∈ X . The second part of the theorem follows from this, and the proof is complete. 
4. Pointfree version of Kakutani duality
As the referee suggested, in this section we present a rather brief survey of the developments that flow from the
functoriality of the maximal spectrum. For more details, see [7]. Let C(L) be the ring of pointfree continous real
functions on a frame L given in [2] and studied as Riesz spaces in [7].
4.1. The adjunction and its properties
The functorM : BdRsz → KCRFrm given by E 7→ CL(E) = ME and f 7→ CL( f ) is a left adjoint to the
functor C : KCRFrm→ BdRsz given by L 7→ C(L) and f 7→ C( f ). The appropriate adjunction maps are
σL :MC(L)→ L , τE : E → C(ME)
such that σL([a]) = coz(α) for any α ∈ C(L) and τE (a) = aˆ, where aˆ : R → ME is given by aˆ(p, q) =
[((a − p) ∧ (q − a)+)], for p, q ∈ Q. Here R is the frame of reals, and R ' O(R) in Zermelo–Frankel set theory.
Note that the identities
coz(aˆ) = [a], coz(αˆ(p, q)) = α(p, q)
give the adjunction identities
σMEMτE = idME , (CσL)τCL = idCL .
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For every compact completely regular frame L , σL is an isomorphism. This is because L is completely regular if and
only if the set {coz(α) : α ∈ C(L)} generates L . For any bounded uniform Riesz space E , the monomorphism τE is
an embedding, with τE (1) = 1, in the sense that 0 < a < 1 if and only if 0 < τE (a) < 1.
4.2. The Stone–Weierstrass theorem
Let L be a compact completely regular frame. Then any subvector lattice E of C(L) containing 1 such that
{coz(α) : α ∈ E} generates L is uniformly dense in C(L).
4.3. The pointfree version of the Kakutani duality
A bounded uniform Archimedean Riesz space E is called conditionally complete if every dense embedding
Riesz map from E to another such Riesz space is an isomorphism. It is proved that, for every compact completely
regular frame L , C(L) is conditionally complete. Moreover, by the Stone–Weierstrass Theorem, τE is onto if and
only if E is conditionally complete. Then one has a pointfree version of the Kakutani duality as follows: The
functors M and C induce an equivalence between the category of bounded Archimedean uniform conditionally
complete Riesz spaces and the category of compact completely regular frames. It is necessary to cue that the classical
Kakutani duality is an equivalence between the category of M-spaces (that is, Banach lattices with a norm satisfying
‖x∨ y‖ = max{‖x‖, ‖y‖}) and the category of compact Hausdorff spaces, where the functor from the second category
to the first is given by the ring of continuous real functions. Finally, it is proved that a bounded Archimedean uniform
Riesz space is an M-space if and only if it is conditionally complete. Notice that, using the Axiom of Choice, one gets
the classical Kakutani duality from its pointfree version.
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